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Summary. We present a systematic development of energy-stable approximations
of the two-dimensional shallow water (SW) equations, which are based on the general
framework of entropy conservative schemes introduced in [Tad03, TZ06]. No arti-
ficial numerical viscosity is involved: stability is dictated solely by eddy viscosity.
In particular, in the absence of any dissipative mechanism, the resulting numerical
schemes precisely preserve the total energy, which serves as an entropy function for
the SW equations. We demonstrate the dispersive nature of such entropy conserv-
ative schemes with a series of scalar examples, interesting for their own sake. We
then turn to the SW equations. Numerical experiments of the partial-dam-break
problem with energy-preserving and energy stable schemes, successfully simulate
the propagation of circular shock and the vortices formed on the both sides of the
breach.

1 Introduction

Consider a three-dimensional domain in which the homogenous fluid flows
with a free-surface under the influence of gravity. One of the widely used
approaches for the description of such unsteady free-surface flows is that
of shallow water. Under the shallow-water approximation that refers to the
fact that a horizontal scale is in excess of the depth of the fluid, the 3D
Navier—Stokes equations can be simplified to the shallow water equations with
the depth-averaged continuity equation and momentum equations. Neglecting
diffusion of momentum due to wind effects and Coriolis terms, we consider
two-dimensional shallow water (SW) equations in the conservative form for
free-surface compressible flow with flat frictionless bottom on two dimensional
x—y plane,

h uh vh 0 0
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Here, h = h(x,y,t) is the total water depth which plays the role of density,
and (u(z,y,t),v(x,y,t)) are the depth-averaged velocity components along
and y direction. The three equations express, respectively, conservation laws of
mass and momentum in x and y direction for the shallow water flow, driven
by convective fluxes on the LHS together with eddy viscous fluxes on the
RHS. These fluxes involve the constant gravity acceleration g > 0, and ¢ > 0
is the eddy viscosity. By ignoring the small scale vortices in the motion, we
calculate a large-scale flow motion with eddy viscosity ¢ that characterizes
the transport and dissipation of energy into the smaller scales of the flow.

If we turn off the eddy viscosity (¢ = 0), system (1.1) is reduced to the
inviscid shallow water equations,

o h o uh o vh

— |uh | + = [u?h+gh?/2 | + — uvh =0. (1.2)
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The SW equations (1.1) constitute an incompletely parabolic system,
whose solutions can exhibit discontinuities associated with hydraulic jumps
and bores in flows or the propagation of sharp fronts. In this paper, we are
concerned with construction of energy-stable numerical methods for simu-
lating two dimensional flows, in which initial discontinuities associated with
partial-dam-break need to be evolved in time. The conservation of the total
energy, E = (gh? 4+ u?h +v%h)/2, guarantees that such numerical simulations
of shallow water flows are nonlinearly stable and free of artificial numerical
viscosity, which may dramatically change the profiles of the solutions in long
time integration. In our computation, conservation of the total energy is en-
forced by utilizing entropy conservative fluxes which are tailored to preserve
the energy, being an entropy function for the SW equations. The resulting
numerical scheme is energy-stable, free of artificial numerical viscosity in the
sense that energy dissipation is driven solely by the eddy viscous fluxes. In
the particular case that eddy viscosity is absent, ( = 0, our scheme precisely
preserves the total energy E.

A general framework for the construction of entropy-conservative schemes
for 1D nonlinear conservation laws is introduced in Sect. 3, following [Tad03,
TZ06]. We then test these entropy-conservative schemes for 1D Burgers’ equa-
tion being the prototype of scalar nonlinear conservation laws in Sect.4. In
Sect. 5, we generalize the recipe for the entropy-stable approximations of two
dimensional shallow water equations with the energy playing the role of en-
tropy. The extension is carried out dimension by dimension. The algorithm
along each dimension follows the same recipe outlined in the one-dimensional
setup. The key ingredient behind these schemes is the construction of energy-
preserving numerical fluxes. Our main results on the 2D shallow water equa-
tions are summarized in Theorem 5.1. To illustrate the performance of the
new schemes, we test a two-dimensional partial-dam-break problem in Sect. 6.
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The numerical results, especially those of the fine meshes, successfully simu-
late both the circular shock water wave propagations and the vortices formed
on both sides of the breach.

2 Entropy Dissipation: The General Framework

2.1 Entropy Variables
We consider a two-dimensional hyperbolic system,

0 0 0
P + %f(u) + 6—yg(u) =0. (2.1)

We assume that it obeys an additional conservation law where a convex en-
tropy function U(u) is balanced by entropy fluxes F'(u) and G(u),

0 0 0

= —F — =0. 2.2
SV + 5oF () + G =0 (22)
Note that (2.2) holds if the entropy function U(u) is linked to the entropy
fluxes F'(u) and G(u) through the compatibility relations,

Uifu=F), Ulgu=0G,. (2.3)

In fact, multiplying (2.1) by U] on the left, one recovers the equivalence
between (2.1) and (2.3) for all classical solutions u’s of (2.1). These formal
manipulations are valid only under the smooth region. To justify these steps in
the presence of shock discontinuities, the conservation laws (2.1) are realized
as appropriate vanishing viscosity limits, u = lim¢ uS, where u¢ is governed
by the (possibly incompletely) parabolic system

9 ¢, 9, 0 oy ,0 34) a(ac)
e +8xf(u)+8yg(u)_ 5 (anu JrC(’)y Q@yu , ¢>0.
(2.4)

Here, ¢ | 0 stands for the vanishing viscosity amplitude such as the eddy vis-
cosity coefficient in the SW equations (1.1)), and @ = Q(u) is any admissible
viscosity coefficient which is H-symmetric positive-definite,

QH=(QH)" >0, H:=Ug) ". (2.5)

The passage from vanishing viscosity limits to weak entropy solutions of
(2.1) is classical, [Lax73], and we refer to the more comprehensive recent books
of e.g., [Ser99, Daf00]. Here, we shall study these limits in terms of the entropy
variables, v(u) := Uy(u). We assume that the entropy U(u) is convex, so that
the nonlinear mapping u +— v is one-to-one. Following [God61, Moc80], we
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claim that the change of variables, u = u(v), puts the system (2.1) into the
equivalent symmetric form,

9 uw) + Lev)) + 2g( (v)) = 0.

The above system is symmetric in the sense that the Jacobian matrices
fluxes are,

u(v) = (u(v)", R (V)= (R (V)" andge(v) = (g(v)) . (26)

Indeed, a straightforward computation using the compatibility relations (2.3)
shows that u(v), f(v), and g(v) are, respectively, the gradients of the corre-
sponding potential functions ¢, ¥*, and Y,

u(v) = dy(v), o(v):=(v,u(v)) - U(u(v)), (2.7)
f(v) =¢3(v), ¢%(v) = (v, f(v)) - :
g(v) = Pi(v), P¥(v) = (v,g(v)) — G(u(v)). (2.9)

Hence the Jacobian matrices H(v) := uy(v), A%(v) := f,(v), and AY(v) :=
gv(v) in (2.6) are symmetric, being Hessians of the potentials ¢(v), ¥*(v),
and ¢¥(v). Moreover, the convexity of U(-) implies that H is positive definite,
H = (Uga) " >0.

We now introduce the same entropy change of variables, u = u(v), into
the associated parabolic system (2.4), which reads

0 0 0 0 0
Zulvl) + —f(vS) + —o(vS) = (— [ S(vS)=—v*¢ [ §(vS)=v¢ ).
)+ 5o+ al) = G (SO ) g (S0 3¢

(2.10a)
By (2.6) and admissibility condition (2.5), the system (2.10a) is symmetric in
the sense that the Jacobian matrices involved are all symmetric, namely, (2.6)
holds and

S(u(v)) = ST (u(v)) >0, S(v) == Qu(v))uy(v). (2.10b)

Integrate (2.4) against the entropy variable v := Uy, employ the compatibility
relations (2.3) and use ‘differentiation by parts’ on the dissipation terms on
the RHS to find the following entropy balance statement,

U@+ (P - (v, Qu) ) + 5 (6(u) — ¢ (v, Quf) ) =

ot Ox
— C[(v5, S(VOVE) + (v§, S(vO)vE)] < 0. (2.11)
Letting ¢ | 0, we obtain the entropy inequality, [God61, Kru70, Lax71]

0 0 0
8tU( u) + %F(u) + a—yG(u) <0. (2.12)
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This shows that weak solution dissipates entropy. The precise amount of en-
tropy decay is dictated by the specific dissipation: spatial integration of (2.11)
yields the entropy decay statement,

// U(u®) dzdyf—C// (V5. S(vO)VE) + (v§, S(vO)v$)] dady < 0.

(2.13)

2.2 The Example of the Shallow Water Equations

We consider the 2D shallow water equations (1.1) for the conservative variables
u := (h,uh,vh)" where h is the water-depth and w, v are depth-averaged
velocity components along x and y-direction. The total energy is given by the
depth-averaged sum of the potential and kinetic energies,

gh? 4+ u?h +v%h

E(u) := 5

(2.14a)

The total energy plays the role of an entropy function for the SW equations.
Straightforward computation gives us the following entropy fluxes, entropy
variables and potentials.

e Entropy fluxes

3h 2h 2 h 3h
Flw) = gun® + "R Gy = gon? + TR (o 1)
e Entropy variable
u? + v
gh——5
v(u) = u (2.14c)
v

with the Jacobian matrices, H := u, and H~! = vy, given by

1w v A +u 402 —u—v

1
H=>|ucd+u® w , H_lzﬁ —u 1 01,
v ouww 2 40? —v 0 1
(2.14d)
where ¢ := +/gh is the ‘sound’ speed, or wave celerity.

e The potentials of the temporal and spatial fluxes u(v), f(u(v)) and
g(u(v)) are given, respectively, by

B guh?

guh?
2 7 ’

) =25

(2.14e)
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The general statement of entropy balance, (2.13), amounts to

2 2 2
%//E(u) dzdy = —4//h(u§+u§+v§+v§)d:pdy, B(u) = W.
yJx yJx

(2.15)

Since h > 0, we conclude that the total energy is decreasing in time,
thus recovering energy stability. In fact, the expression on the RHS of (2.2)
specifies the precise decay rate, which is dictated solely by the viscous fluxes
through their dependence on the nonnegative eddy viscosity (. Our objective
in this paper is to construct “faithful” approximations to the 2D shallow water
equations, which precisely reproduce the energy balance (2.2).

3 Entropy Conservative Schemes: The 1D Setup

Setting g = 0 in (2.1), we consider the one-dimensional system of hyperbolic
conservation laws,

ou 1o}

— + —f(u)=0 R, t>0 3.1
S E ) =0, zE€R, 60, (3.1)
governing the N-vector of conserved variables u = [uy, - ,u N]—r and balanced
by the flux functions f = [fi,---, fx]'. We assume it is endowed with an

entropy pair, (U, F), such that every strong solution of (3.1) satisfies the

entropy equality

0 0
5, U(w) + o= F(u) =0, (32)

whereas weak solutions are sought to satisfy the entropy inequality, U(u); +
F(u), <0.

We now turn our attention to consistent approximations of (3.1), (3.2),
based on semi-discrete conservative schemes of the form

%uu(t) = _Aix (fy+% - fu—%) : (33)

Here, u, (t) denotes the discrete solution along the equally spaced grid lines,
(z, = vAx,t), and £, 1 s the Lipschitz-continuous numerical flux which
occupies a stencil of 2p-gridvalues,

fu+% =f(wpi1, o Wp)

The scheme is consistent with the system (3.1) if f(u,u,--- ,u) = f(u), Yue
R . Making the change of variables u,, = u(v, ), we obtain the equivalent form
of (3.3)

d 1

() =~ (fay £y ) (3.4)
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The essential difference lies with the numerical flux, f, 1 which is now ex-
pressed in terms of the entropy variables,

fu+% =f(Vipt1s s Virp) = E((Vepi1) - u (Vi)

consistent with the differential flux, f(v,v,---,v) = f(v) = f(u(v)). The
semi-discrete schemes (3.3) and (3.4) are completely identical. The entropy
variables-based formula (3.4) has the advantage that it provides a natural or-
dering of symmetric matrices, which in turn enables us to compare the numer-
ical viscosities of different schemes, consult [Tad87] for details. In particular,
we will be able to utilize the so called entropy conservative discretization of
[Tad03] for the convective part of the system of conservation laws (3.1), and
thus recover the precise entropy balance dictated by physical dissipative terms
of the underlying original systems.

The scheme (3.3) is called entropy-conservative if it satisfies a discrete
entropy equality,

d 1

ZU () + 5= (Fy — Fuy) =0, (3.5)
where Fy+% = F(uy_pt1, - ,Uptp) is a consistent numerical entropy flux,
F(u,u,---,u) = F(u), Yu € RY. Entropy conservative schemes will play

an essential role in the construction of entropy stable schemes, by adding a
judicious amount of physical viscosity.

The key step in the construction of entropy conservative schemes for the
systems of conservation laws is the choice of an arbitrary piecewise-constant
path in phase space. We shall use the phase space of the entropy vari-
able v to connect two neighboring gridvalues, v, and v, 1, at the spatial
cell [z,,2,41], through the intermediate states {VIJ/+%}§V:1. To this end, let

{r; = ri L1 };Vzl be an arbitrary set of IV linearly independent N-vectors, and
2 .
let {¢; = Efj 41 };VZI be the corresponding orthogonal set. We introduce the
2

intermediate gridvalues, {v’/ +l}§-\’:1, which define a piecewise constant path
2
in phase space across the jump AVH_% = Vi1 — Vo,

1 —
Vl/—‘,—% =V,

Vil =Vl (G Ave ) =12 NoLL (36)

N+1 _

Theorem 3.1 (Tadmor @, Theorem 6.1). Consider the system of con-
servation laws (3.17] Given the entropy pair (U, F), then the conservative
scheme

G =5 (8, -1,) (37)

(Tadmor

[Tad03, Theorem 6.1])
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with a numerical flux £*
v+3

oS () -e ()
vtd _Jz::l <‘€j,AVU+%> ¢ (3.8)

is an entropy-conservative approximation, consistent with (3.1) and (3.2).
Here, v. = Uy(u) are the entropy variables associated with the entropy U,
and Y(v) := (v, f(u(v))) — F(u(v)) is the entropy potential.

The proof is based on the fact that the entropy equality (3.5) holds if and
only if <Avy 41 £ 41 > equals a conservative difference,
2
(Avy B ) = Aurys Ay = 0(vin) —¥(v). (39)
Indeed, (3.9) is equivalent to (3.5),
<Vu,f;+% —f:_%> =F, 1 —F, 1, (3.10a)

where the numerical entropy flux F), +1 is given by

1 .
1=3 [<V1/ + Vot fy+%> - (w(vu) + ¢(VV+1)>:| (3.10b)
A straightforward manipulation of the numerical flux (3.8) confirms the
desired equality (3.9),

o (Vi) e (v,
( <'Z7>Avy+(l> +2) <£j, AVV+%>

v (i) = () =0 () o ()

v+5-

] =

<AVV+%’f:+%> -

.
I
—

I
] =

1

.
Il

|
(BN
<

[N

Although the recipe for constructing entropy-conservative fluxes in (3.8)
allows an arbitrary choice of a path in phase space, inappropriate choices of the
path may cause the computed intermediate values to lie outside the physical
space, say h < 0. A ‘physically relevant’ choice is offered by a Riemann path
which consists of {ujy +%}§V:1, stationed along an (approximate) set of right

eigenvectors, {T;}, of the Jacobian fu(u, 1) Set vi+% = v(11i+%)7 j =

1,2,...,N, and let £;’s be the orthogonal system to {vi*1 — Vj}j-vzl. This
will be our choice of a path for computing entropy stable approximations
of shallow water equations in Sect.5 below. The construction of the entropy
conservative flux £ +1 follows [TZ06, Algorithm 1] which states,
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Algorithm 1 If u, =u,,; then f:—irl =f(v,); else
2

o Set u11, = u, and compute recursively the intermediate states,

+5

j+1 j = - .

Wil =u, + <£j,Auy+%> , j=1,23 (3.11)
Here, {Zj} and {T;} are the left and right eigensystems of an averaged
Jacobian A, 1, given by the Roe matriz, A, 1 = A(u,,u,41) (see
[Roe81]).

o Setr; :=v(u

j+1
fur%) o v(ufl

orthogonal system. (Note that {r;,£;} is the eigen-path in v-space, corre-

L 1) and compute {£; }?:1 as the corresponding
2

sponding to the eigen-path in u-space, {?j,Zj}.)
e Compute the entropy-conservative numerical fluz,

3 (V) (v, )

* V""E VJ"E

£, =) 2;. (3.12)
= <ej, Avy+%>

4 Scalar Problems

We test our entropy stable schemes with the prototype example of inviscid
Burgers’ equation. Though very simple, the inviscid Burgers’ equation is often
used as the testing ground for numerical approximations of nonlinear conser-
vation laws.

4.1 Entropy Conservative Schemes

We consider the inviscid Burgers’ equation,

ou 0 1
—+ = =0 = 4.1

L pw) =0, Jw) = gu (11)
Any convex function U (u) serves as an entropy function for the scalar Burgers
equation. The solutions of (4.1) satisfy, at the formal level,

L U(u) + —F(u) = 0. (4.2)

These are additional conservation laws balanced by the corresponding entropy
flux functions F(u) satisfying the compatibility relation U’f’ = F’. Spatial
integration then yields the total entropy conservation (ignoring boundary con-
tributions)

U(z,t)de = [ U(x,0)dz. (4.3)
/ /

T x
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We now turn to the discrete framework. Discretization in space yields the
semi-discrete scheme,

d
@uu(t) + A%; (fwé — ,;) =0. (4.4)

2

Clearly, 3w, (t)Az is conserved. We seek a consistent numerical flux f,, 1,

that is entropy conservative in the sense of satisfying the discrete analogue
of (4.2),

d 1
aU(u,,(lt)) + Tx(
so that we have the additional conservation of entropy > U (u, (t))Az. Accord-
ing to Theorem 3.1, consult (3.9), such 2-point scalar entropy conservative
fluxes are uniquely determined, fVJr% = f:Jr%, by

Y(upy1) — ¥(u)
1= f* = . 4.5
fu+§ vt3 U(Uu+1) — v(u,,) ( )
Recall that v(u) := U’(u) is the entropy variable associated with the entropy
pair (U, F'), and ¢(u) := v(u)f(u) — F(u) is the potential function of the
flux f(u(v)). We demonstrate the constructions of above entropy conservative
numerical flux with two different choices of entropy functions:

FV+%7F 1):07

v—3

e  We begin with the logarithmic entropy U(u) = —Inwu together with the
entropy flux F(u) = —u. We use the entropy variable v(u) = —1/u. The
entropy flux potential in this case is 1(u) = —1/2v = u/2. The entropy
conservative numerical flux (4.5) then reads,

P(upt1) — P(uy) 1

= ZUpUpy41-

v(uy41) —v(u,) 2

This numerical flux yields the entropy conservative schemes

d o Uy 1(t) _UV_l(t)
i (t) = (1) + S .

f:_t,_% =

This scheme was discussed by Goodman and Lax in [GL88], Hou and Lax
in [HL91], and Levermore and Liu in [LL96] in their study of the dispersive
oscillations arising in numerical solutions of the conservative schemes for
the inviscid Burgers’ equation.

e Next, we consider the family of entropy functions,

Up(u) :u2p7 b= 1727"' ) (46)
with the corresponding entropy flux functions F,(u) = 2pu®?™!/(2p + 1).
Using the entropy variable v(u) := U’(u) = 2pu?’~! and the potential

function ¥ (u) = v(u) f(u)— F(u) = %uzl’“, we compute the entropy
conservative flux

= Y(up+1) — P(uy) _ -1 uzﬁ-ﬁl _ et .
L/+% . U(Uu-i-l) - U(UV) 2(2p + 1) uiifll . U?,pil . .
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The resulting scheme (4.4), (4.7) is entropy conservative in the sense that the
discrete analogue of total entropy conservation (4.3) is satisfied,

Z u?P(t) Az = Z u?P(0) Az.

Thus, for each p we obtain its own Up,-entropy conservative scheme.

Remark 4.1. Although these schemes with the entropy-conservative flux (4.7)
admit the dispersive oscillations shown in the numerical results of Sect. 4.3,
we expect the amplitude of these oscillations to be reduced for increasing p’s,
as the conservation of entropies U,

.
2p

[Z u?P(t) Az lz u??(0) Aa:] v (4.8)

approaches the maximum principle, ||u, (¢)||ze < ||ty (0)||L~ (the inequality
reflects the small amount of dissipation due to time discretization). Indeed,
as p | 0o, the entropy-conservative schemes based on (4.7) approach the first-
order entropy stable Engquist—Osher scheme [EO80].

4.2 Entropy Dissipation

To recover the physical relevant entropy inequality, that is
0Up(u) + 0, Fp(u) <0,

one can add numerical dissipation,

%uy(t)—i—ﬁ (f:+% - f:_l) — ﬁ(d(uy+1)—2d(uu)+d(uy_1)), €>0.

2
(4.9)
This serves as an approximation to the vanishing viscosity regularization

ur + f(u)y = ed(u)ze, d(u)>0,€>0.
Sum this scheme (4.9) against the entropy variable v, to find
d * *
S U ) A+ (£, = i)
. Z o d(uys1) — 2d(uy) + d(uy—1)

A (4.10)

According to (3.10a), the second term on the left of (4.10) vanishes, > (FUJF% -
F,_1)Az = 0. Summation by parts on the RHS of (4.10) yields

1
V=3
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d(uy+1) — 2d(uy,) + d(uy,—1 €
3 ) ) ) €

v

X (d(u,,+1) — d(uu)) <0,

since d'(v) = d'(u)u'(v) > 0, and hence (vy41 — vy) - (d(up11) — d(uy)) > 0.
The resulting entropy balance that follows reads,

d €
aXV:U,,(uV(t))Aj; = _E;AM%A%% <0. (4.11)

Observe that the amount of entropy dissipation on the right is completely
determined by the dissipation term ed(u). No artificial viscosity is introduced
by the convective term. If we exclude any dissipative mechanism (e = 0), then
we are back at the entropy conservative schemes of Sect. 4.1.

4.3 Numerical Experiments
Time Discretization

To complete the computation of a semi-discrete scheme, the semi-discrete en-
tropy conservative scheme (4.4), (4.7) needs to be augmented with a proper
time discretization. To enable a large time-stability region and maintain sim-
plicity, the explicit three-stage third-order Runge-Kutta (RK3) method will
be used, Consult [GSTO01] for more detail of its strong stability-preserving
property,

uM = u" 4 AtL(u™)

1 1
W@ =3y L AL

4 4 (4.12a)
1 2 2
O R R ¢ B\ (2)
u U + U + 3 tL(u'™)
where 1
L)y = =7 (s = foy)- (4.12b)

We note that this explicit RK3 time discretization produces a negligible
amount of entropy dissipation. For a general framework of entropy conserva-
tive fully discrete schemes, consult [LMRO2].

Continuous Initial Conditions

We first solve the inviscid Burgers equation (4.1) in the domain z € [0, 1]
with initial condition, u(0,z) = sin(27z) and subject to periodic boundary
conditions u(t,1) = wu(¢,0). In Fig. 1 we display the numerical solutions for
(4.12a) and (4.12b) with the numerical flux (4.7) for different choices of p. For
small values of p, the dispersive oscillations become noticeable after the shock
is generated due to the absence of any dissipative mechanism in the entropy-
conservative scheme. As p increases, the amplitude of the spurious disper-
sive oscillations decreases, which reflects the control of L?P-norm through the
entropy-conservation (4.8) for each p.
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1D Burgers equation,entropy—consertive scheme w/ U(u)=u® A t=0.0005,A x=0.005 s 1D Burgers equation.entropy—consertive scheme w/ U(u)=u®,A t=0.0005,A x=0.005

-1 -15
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
(c) p=8 (d) p=15
1D Burgers equation,entropy-consertive scheme w/ U(u)=u* A t=0.0005,A x=0.005 1D Burgers equation,entropy—consertive scheme w/ U(u)=u®,A t=0.0005,A x=0.005.

0 0.1 02 0.3 0.4 05 0.6 0.7 08 0.9 1 o 0.1 02 0.3 0.4 0.5 0.6 0.7 08 0.9 1

(e) p=25 (f) p=40

Fig. 1. 1D Burger’s equation, sine initial condition, entropy-conservative schemes,
200 spatial grids, U(u) = u*"

Discontinuous Initial Conditions

We solve the 1D inviscid Burgers equation (4.1) in the domain z € [0, 1] with
the discontinuous initial condition,
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)2, z €10, 0.5]
u(0,7) = {1, € (0.5,1]

The boundary values are extrapolated from the interior points. Since we are
only interested in the propagation of the shock wave in the computational
domain [0, 1], there is interaction with the boundary values which do not vary
in the time interval under consideration. In Fig. 2, we display the numerical
solutions for (4.12a) and (4.12b) with the numerical flux (4.7) for different
choices of p. Those solutions show the same pattern as the sin(27z) initial
condition. Diminishing amplitude of the dispersive oscillations demonstrates
the control of the L?P-norm of the solution with each p.

5 2D Shallow Water Equations

5.1 Energy Stable Schemes

We turn to the construction of entropy/energy-stable schemes for the 2D
shallow water equations,

h
0 0 0 0 0 0 0
Eu-ﬁ—a—xf(u)—i-a—yg(u) = Ca—x (hazd(u)> +<87y (hayd(u)> , u= ZZ ,

(5.1)

with convective fluxes f = [uh, u*h + gh?/2, wvh]", g = [vh, uvh, v?h +
gh?/2] ", and additional diffusive terms d = [0, u, v] .

The second-order semi-discrete entropy conservative schemes (3.7), (3.8)
can be extended to two dimensional shallow water equations (5.1) in a straight-
forward manner. Recall that E denotes the total energy which is serving as
an admissible entropy function with the corresponding entropy fluxes (F,G)
associated with the two dimensional shallow water equations, v := U, are the
corresponding entropy variables (2.14¢), and (*,4¥) are the potential pair
(2.14e). We discretize the convective fluxes on the LHS using the entropy-
conservative differences indicated in 1D setup dimension by dimension. For
the dissipative terms on the RHS, we employ the centered differences, while
the intermediate h-values are taken to be the arithmetic mean of two neigh-
boring grid-points, h = (hy41,u + hu,p)/2. We then obtain the entropy

V+§7,u
stable semi-discrete schemes
d * *
dt — Uy, H() (1/-!,-27“ f,,_l ) X( V7M+%_gy7p—%)
7£ . 1/+1;L duu 7h . dv,p_dufl,p
Az ”*5 Ax vTaok Ax

C E du, pt+l — du, M dv,u — dw p—1

1 2
Ay +3 Ax vhT2 Ax >’ (5:22)
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1D Burgers equation entropy-consertive scheme w/ U(u)=u? A t=0.0005,4 x=0.005

1D Burgers equation,entropy-consertive scheme w/ U(u)=u®,A t=0.0005,A x=0.005

u(x)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1D Burgers equation,entropy-consertive scheme w/ U(u)=u"®, =0.0005,A x=0.005 1D Burgers equation entropy-consertive scheme w/ U(u)=u* A =0.0005,A x=0.005

ux)

1 [ 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

(d) p=15

1D Burgers equationentropy—consertive scheme w/ U(u)=u*’,A t=0.0005,A

1D Burgers equation,entropy—consertive scheme w/ U(u)=u® A t=0.0005,A

=0.005

22

0.9 1

(e) p=25 () p=40

Fig. 2. 1D Burger’s equation, shock initial condition, entropy-conservative schemes,
200 spatial grids, U(u) = u??
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with the entropy-conservative fluxes £,

29

, and g7 . outlined in (3.12)
’ 2
along x and y direction, respectively,

3 z Jj+1 ) _ z( J )
f* o Z (Vu_‘_%“u w Vy-},-%”u, E

vtg, L
j=1 <£mj>Avu+%,u>
3 (hj+1 )2uj+1 _ (hJ )2uj
v+, vtg, v+i, vtip
=94 2:# 20! il ALY/ (5.2b)
2 J
j=1 <£xj7 AVU+%’M>
3 ¥ (vItE EPYR T
* _ v (vwﬁ%) v (vl«w%) )
8 utl = Z Yj
J=1 <£yj J Avv,u+%>
3 j+1 2,J+1 (pd 2,7
g (hl«;ﬂr%) Y it ( V,qué) Yl
== L., (5.2¢)
2 Ys
Jj=1 <£yj’ Av,, u+%>

Here, u,,,(t) denotes the discrete solution at the grid point (z,,y,,t) with
x, = vAz,y, = pAy, Ax and Ay being the uniform mesh sizes, and d,, ,, :=
d(u,,,). The numerical flux £ i and g; oty are constructed separately
along two different phase paths dictated by two sets of vectors {£,, } and {£,, }.
Finally, {«/}, {v7}, and {h?} are intermediate values of height and velocities
along paths in the phase space. The physical relevance of the intermediate
solutions along the paths needs to be maintained. To this end, we choose
to work along the paths which are determined by (approximate) Riemann
solvers. Specifically, we use the eigensystems of the Roe matrix in the z and
y directions, [Roe81, Gla87],

0 1 0
Ar — | & —a? 2%, 1 0
= | vtim 3 vtgo b

Tl Vot Yot Yot

0 0 1
AV = | Tty Vot Yot | (5.3a)
L oot T Yrud 0 20, 444

Here u, v, and ¢ are the average values of the velocities u, v and the sound

speed ¢ := y/gh at Roe-average state,

urvhr +urpvhr 5 — vrVhr +vVh o g(hR+hL)

Vhr+vVhr Vhr+Vhr 2 (7 )
5.3b

where the subscripts ()g and (-);, represent two neighboring spatial grid-
points. The vector sets {T, }?:1 and {T,, }?:1 are chosen to be the right eigen-
vectors of the - and y-Roe matrices (5.3a) (omitting the sub/superscripts of
all averaged variables)

u =
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1 0 1
Ty, = |U—C|,Tp=1|0|,Tp,= |0+, (5.3¢)
v ¢ B
1 0 1]
/r\yl - u ) /fyz =|-Cc|, /fya = u ) (5.3d)
v—¢ 0 | v4¢)
with the corresponding left eigenvector sets {Zm] }3_; and {Ey] }3_, given by
u+c Ch [ —U+C
2¢ ¢ 2¢
‘8331 = _i bl ‘exz = O I ‘et3 i I (536)
2¢ 1 2¢
0 = 0
C - L -
v+e 7 - =041
2¢ z 2¢
b= 0 |, €,=|_1],2,=| 0 |[. (5.3f)
1 ¢ 1
2 0 L % -
We now are able to form the intermediate paths along x and y directions in
. . . . 1 _ 1 _ .
u-space as in (3.6): starting with U1, =0 1 = Wy, We proceed with
j+1 j 7 S —
ui+%yuzui+%7#+<émj,Auy+%’u>r£j, ji=1,2,3, Auu+%,u.fu,,+1’#7uy7#,
j+1 j 5 = . —
ui,ﬂ+%:ui)u+%+<£yj7Au”v/"+%>ryj7 i=1,2,3, Auy7lt+% = Uy, b1 — Uy, pe

The construction of the entropy-conservative numerical fluxes £ and

+3.0
g follows the algorithm indicated in Algorithm 1. ’

*
v, it 3

Remark 5.1. We point out that in the case <Zj,Au = 0 for certain j’s in
u-space, which may cause (€;, Av) = 0 in v-space, hence fail Algorithm 1.
Arguing along the same line as [TZ06, Remark 3.5], we compute the corre-
sponding entropy-conservative numerical fluxes using the alternate formulas,

1/J1(Vi+%, M+£Ijrwj) - ’(/}x(vi_i_%’ U)

£i1,= D . bey &, ::<£%"Avv+%’ﬂ>’
{il€x,; #0} -

: VIV g ) =V, )

AEDS &, s €= () AV, )
{416y, #0} !

where the right and left eigensystems {r,, }3_, {r, }3_, and {£,,}3_, {£, }}_,
are constructed as the precise mirror images of the Roe-paths in v-space,



84 E. Tadmor and W. Zhong

ri = [H};-&l-%w?wj’ £ = [H}V+%)M£wj7 ji=1,2.3
R, E =], =123

where [H], 1, and [H], ,,1 denote the averaged symmetrizers such that

Auu+%7H:[H} Av and AuV’H_F%:[H] 1 Av

v+i Vol v pt s SV, pt g

We summarize our main result on 2D shallow water equations in the following
theorem.

Theorem 5.1. Let E = (gh? + u?h + v2h)/2 be the total energy of the 2D

shallow water equations (5.1). Then, the semi-discrete approzimation (5.2a)

with entropy conservative fluzes f:_~_l u and g* il given in (5.2b), (5.2¢),
2> ) 2

(5.3), is energy stable, and the following discrete energy balance is satisfied,
d ~ Auwr;,# 2 Avv+l,,u 2

~ Auy 1 2 A’UV 1 2
hy o |22 ) 4 (e
e Ay Ay

Observe that no artificial viscosity is introduced in the sense that the energy
dissipation statement (5.4) is the precise discrete analogue of the energy bal-
ance statement (2.2).

} AxAy. (5.4)

Proof. Multiply (5.2a) by [Uy], , = Vv, ,, and sum up all spatial cells to

get the balance of the total entropy,

d
7 Z E(u,, (1)) AzAy + Z <Vv,uvf:+§,u - f:—%,u> Ay
v,

v, p

* *
D (Vo8 ey 8 y) A
v,

~ ~ Ay
= O (Vo Py Adyy =y A ) Av

v,

+ O (Vo Py Ady g = hyy y Ad,
v,

Since the numerical fluxes f* 1 and g” L1 are chosen as the entropy con-
2 ? 2

servative fluxes in xz and y directions respectively, they satisfy the entropy
conservative requirement (3.10a), so that their v-moments on the left of (5.5)
amount to perfect differences,

<V1/Hu, f:+%¢ﬂ7f:*%1ll> :Fu—‘r%,#iFD—%,/JJ (563,)
<V1/,u7 g;u_}_% - g;u_%> = Gl’vﬂ"!‘% — GV7M_%, (56b)
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with consistent entropy fluxes given by (consult (3.10b)),

2Fit 0 = <(Vlw Vi), fj+%7u> = (W (Vo) + U7 (Vo n)
2G, 41 = <(vy,u + Vo, ut1)s g;,ﬂ+%> — (WY (Vo u) + VY (Vo pg1)) -

On the other hand, summation by parts and explicit computation using the
entropy variable (2.14c) on the RHS of (5.5) yield

- - A
CZ<VV)M,hV+%’MAdV+%7M Dy ,Ad, s, >Ai
vy

:fcz<Avy+ L Adl’+%v/‘>%§

~ 2 2
:gwhu+é’u((Auy+é’u> +<AUU+%)M) )]Al‘Ay
insert  parenthesis: (_\1)2 (5.72)

~ ~ Az
¢y <vw, By i1 Ad,, fhw_%Ady,#_Q 3,

1 ~ 2 2
_ —cZ[Agzh,,w <(Aul, H%) + (AUU,H%) ﬂ Az Ay
insert  parenthesis: (&-y)zl /% (5.7b)

By (5.6) and (5.7), the semi-discrete energy balance statement (5.4) now fol-
lows,

Au, 1 2 Av, 1 2

v+s5, 1 v+s5, 1
dtZEu,,M AxAy__gZ{ y ( - > +< = )1
2 2

AuV)MJr% + A’UV,MJr%

Ay Ay

5.2 Energy Preserving Schemes

~

thy, urd

} AxAy. O

In the case that the eddy viscosity is absent, ¢ = 0, all the dissipation terms
on the RHS of the difference scheme (5.2a) vanish,

d . X Lo, x _
auy’#(t) A (fu+2,p, fy7%7u)+xy(gu’u+% —gy)lk%)—o. (58)

The resulting scheme serves as an energy preserving approximation to the
inviscid shallow water equations (1.2) with the discrete energy equality,
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% > E(u,, () AzAy = 0.

v,

Remark 5.2. We note that energy preserving semi-discrete scheme (5.2), (5.3)
may allow a substantial increase of the potential enstrophy, %an o/ P, s
especially for the flow over steep topography, due to spurious energy cascade
into smaller scales, consult [AL77, AL81]. Here, 7 is the sum of the relative
vorticity v, —u, and the Coriolis parameter at that latitude. After a long term
integration, a significant amount of energy is transferred into the smallest re-
solvable scales, where truncation error becomes relevant. It would be desirable
to adapt our energy stable discretization to retain the additional conservation
of enstrophy, advocated in [Ara97, AL81].

6 Numerical Experiments for 2D Shallow Water
Equations

6.1 Boundary Conditions

The numerical treatment of boundaries is intended to be as physically rel-
evant as possible. We describe two basic types of boundary conditions that
are applicable to the two dimensional shallow water problems: the first type
simulates a boundary at infinity or a transmissive boundary; the second type
applies in the presence of solid fixed walls.

Transmissive Boundaries

These are cases in which boundaries are supposed to be transparent in the
sense that waves are allowed to pass through. The inflow and outflow con-
ditions need to be described, hence the method of characteristics in two
dimension follows. The local value of the Froude number F'r := V/+/gL deter-
mines the flow regime and, accordingly, the number of boundary conditions
to apply. Here V' and L denote the characteristic velocity and length scales
of the phenomenon, respectively. For subcritical flow, two external boundary
conditions are required at inflow boundaries, whereas only one boundary con-
dition is required at outflow boundaries. Two dimensional supercritical flow
requires three inflow boundary conditions and no boundary condition at out-
flow boundaries where the flow is only influenced by the information coming
from the interior nodes.

Reflective Boundaries

This is a particular case in which the flow is confined inside a fixed field
by solid walls where we impose the reflective boundary conditions. Since our
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(N.op) (NN PN N+
W WN) DN+

Fig. 3. Right-hand boundary

testing problems in next section are concerned with the flow in a square basin,
without losing generality, we consider the computational domain in the upper-
right corner with the solid boundaries along x and y-direction as shown in
Fig. 3. By the three-point stencil used in our semi-discrete scheme, we try to
impose the value of one computational grid point added outside boundary.

The reflection is incorporated by changing the sign of the normal com-
ponent of the velocity, while the water depth is unaltered. The values at all
the (v, N 4+ 1) points on the right-hand side of the wall are replaced by the
values at interior (v, N) points and sign of the normal velocity component u
is switched,

ho,N+1=hu N, Uy, N41 = —Up N, Uy, N+1 = Uy, N}

the values at all the (N + 1, ) points on the top of the wall are replaced by
the values at interior (N, u) points and sign of the normal velocity component
v is switched

hN+1,;L:hN,,u7 UN+1,p = UN,uy UNH1, 0 = —UN, pus
the values at all the (N + 1, N + 1) point in the upper-right corner are given
by

hu+1,N+1 = hu,/,u Upy41, N+1 = —Up, pu, Vy41, N+1 = Uy p-

6.2 Time Discretization

Similar to the time discretizations of the Burgers’ equation, we integrate the
entropy stable scheme (5.2) and (5.3) with the explicit three-stage Runge—
Kutta method (4.12a) by its high-order accuracy, large stability region and
simplicity.
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u” = u"+ AL(uM)
1 1
u® %un + a4 At () (6.1a)
1 2 2
Wt =t gu<2‘> + gAtz:(u<2>)
where
1 1

2

[E(u)]l/”u = _E(fzﬂr%,u - fllf%,p,) - Zy(gu7ﬂ+% - gu,,ufl)

C T dt/+1,,u - dv,u T dl/,,u - du—l,,u
a0
du7 p+1 — dwu N dl/,p,

C N _du7 —1
+Zy(hu,u+%T_ V7N7%TN>' (61b)

6.3 Numerical Results

We test our entropy-stable schemes with the two dimensional frictionless
partial-dam-break problem originally studied by Fennema and Chaudhry in
[FC90]. It imposes computational difficulties due to the discontinuous initial
conditions. It also involves other computational issues like boundary treat-
ments and positive-water-depth preserving solver.

As shown in Fig.4, the simplified geometry of the problem consists of a
1,400 x 1,400 m? basin with a idealized dam in the middle. Water is limited by
the fixed, solid, frictionless walls in this square basin. To prevent any damping
by the source terms, a frictionless, horizontal bottom is used. All walls are
assumed to be reflective. The initial water level of the dam is 10 m and the tail

1400
h0=10 h0=9.5
840
700 u0=0 —p Flow 40=0
v0=0 560 v0=0
-700 0 700

Fig. 4. Geometry configuration and initial setting of 2D Partial-Dam-Break problem
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water is 9.5 m high. Central part of the dam is assumed to fail instantaneously
or the gate in the middle of the dam is opened instantly. Water is released
into the downstream side through a breach 280 m wide, located between y =
560 and y = 840, forming a wave that propagates while spreading laterally.
A negative wave propagates upstream at the same time. For simplicity, the
Coriolis force is ignored in the computation. The acceleration due to gravity
is taken to be 9.8 ms~2. Although there is no analytical reference solution for
this test problem, other numerical results of similar problems are available in
[FC90, CKO04].

In the following figures, we display the numerical solutions for the fully
discrete scheme (6.1a)—(6.1b) with the numerical fluxes (5.2b)—(5.2c). The
sum of potential and kinetic energy serves as the generalized entropy function
in the design of our numerical schemes,

_ gh? +u*h +v?h

E(u) 5

Uniform space and time grid sizes, Az = Ay and At are used. The com-
putational model is run for up to 50s after the dam broke when the water
waves haven’t reached the boundaries. Both inviscid and viscous cases are ex-
plored. For the viscous cases, the eddy viscosity is taken to be 10 m2s~ . We
use different spatial resolutions for the same problem, and adjust time step
according to the CFL condition.

We first solve the inviscid and viscous shallow water equations on the

computational domain consisting of a 50 x 50 cell square grid with Az = Ay =

For comparison,

8 m. We group our numerical results of inviscid shallow water equations along m
the left column of Fig. 5, Comparmen?, the results of visc
equations with eddy viscosity ¢ = 10m?s~! are summarized The right column.

The first and second row of Fig. 5 depict the perspective plots of water surface
profiles at t=25s and t=>50 s respectively. Remnants of the dam are represented
by jumps near the middle of the plot. The vertical scale is exaggerated with
respect to the horizontal scales. We observe that the numerical solutions of the
water depth in Fig. 5a, ¢ successfully simulate both the circular shock water
wave propagations and the vortices formed on the both sides of the breach.
The undershoots are also developed near sharp corners of the remanent dam.
These steep degressions in the water surface are noticeable downstream of the
breach at ¢ = 50s. Similar numerical tests were done in [CK04] by the second-
order central-upwind schemes, which were originally proposed in [KT00].

For the inviscid shallow water equations, dispersive errors of the numerical
schemes, in the form of spurious oscillations in the mesh scale, are noticeable
near the breach in Fig.ba, c. For the viscous shallow water equations, as
shown in Fig.5b, d, the presence of eddy viscosity causes the oscillations to
be dramatically reduced around the breach. In addition to eliminating the
wiggles, the eddy viscosity terms also single out the undershoot near sharp
corners of the remnants of dam without damping it.
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Height at t=25 ——

(a) Water depth at t=25 s, inviscid case
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(c) Water depth at t=50 s, inviscid case
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(e) Total energy v.s. time, inviscid case
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(b) Water depth at t=25 s, viscous case
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(d) Water depth at t=50 s, viscous case
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(f) Total energy v.s. time, viscous case

Fig. 5. Shallow water equations, ¢ = 10m?s~!, Dam-Break, 1,400 x 1,400 m? basin,
reflective-slip boundary, Az = Ay = 28 m, At =0.2s

We display the total entropy scaled by 10* versus time in Fig. 5f. Compared
with the same entropy plot of the inviscid problem in Fig. 5c, the plot of total
energy in Fig. 5f reveals a O(1) energy decay due to the presence of eddy
viscosity, while the negligible amount of energy decay introduced by RK3
time discretization for the inviscid shallow water equations is not detectable

under the same scale in Fig. bc.
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(a) Water depth at t=25 s, inviscid case (b) Water depth at t=25 s, viscous case
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(c) Water depth at t=>50 s, inviscid case (d) Water depth at t=50 s, viscous case
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(e) Total energy v.s. time, inviscid case (f) Total energy v.s. time, viscous case

Fig. 6. Shallow water equations, ¢ = 10m?s~!, Dam-Break, 1,400 x 1,400 m? basin,
reflective-slip boundary, Az = Ay = 14m, At = 0.01s

Next, in Fig. 6, we display the numerical solutions of the same problem in
the refined spatial mesh with Az = Ay = 14 m. Following the same pattern as
in Fig. 5, Fig. 6 presents the perspective plots and total energy versus time. For
the inviscid case, the profiles of the water elevation in Fig. 6a, ¢ demonstrate
smoother numerical solutions due to the decrease of the grid size, while the
spurious oscillations in the mesh scale are still detectable near the breach
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Water surface elevation at t=50

Water surface elevation at t=25

(a) Water depth at t=25 s, viscous case  (b) Water depth at t=>50 s, viscous case

x 10*

9.2297

Total energy vs timel

9.2297

9.2296

9.2296

Total entropy

9.2295

9.2295

9.2294
0 10 20 30 40 50
t

(c) Total energy v.s. time

Fig. 7. Viscous shallow water equations, ¢ = 10m?s~!, Dam-Break, 1,400 x 1,400 m?
basin, reflective-slip boundary, Az = Ay = 7m, At = 0.002s

because of the energy-preserving shallow water solver with the increase of
the total enstrophy. For the viscous case with ¢ = 10m?s~!, Fig. 6b, d show
the smoother solutions than inviscid solutions in Fig. 6a, c. The amplitude of
those wiggles near the breach are significantly reduced though they are still
detectable. Further refinement of the mesh from (100 x 100) to (200 x 200)
generates very smooth solutions of the water depth h in Fig. 7a, b, when the
oscillations are limited in the very small mesh scale.
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